Electric currents flowing in the global electric circuit are closed by ionospheric currents. A model for the distribution of the ionospheric potential which drives these currents is constructed. Only the internal electric fields and currents generated by thunderstorms are studied, and without any magnetospheric current sources or generators. The atmospheric conductivity profiles with altitude are empirically determined, and the topography of the Earth's surface is taken into account. A two-dimensional approximation of the ionospheric conductor is based on high conductivities along the geomagnetic field; the Pedersen and Hall conductivity distributions are calculated using empirical models. The values of the potential in the E-and F-layers of the ionosphere are not varied along a magnetic field line in such a model and the electric field strength is only slightly varied because the segments of neighboring magnetic field lines are not strictly parallel. It is shown that the longitudinal and latitudinal components of the ionospheric electric field of the global electric circuit under typical conditions for July, under high solar activity, at the considered point in time, 19:00 UT, do not exceed 9 μV/m , and in the sunlit ionosphere they are less than 2 μV/m . The calculated maximum potential difference in the E-and F-layers is 42 V ; the maximum of the potential occurs above African thunderstorms that are near the terminator at that time. A weak local maximum also exists above the thunderstorm area in Central America. The minimum potential occurs near midnight above the Himalayas. The potential has identical values at ionospheric conjugate points. The voltage increases to 55 V at 23:00 UT and up to 72 V at 06:00 UT, when local midnight comes, respectively, for the African and Central American thunderstorm areas. These voltages are about twice as large at solar minimum. With our more realistic ionospheric model, the electric fields are an order of magnitude smaller than those found in the well-known model of Roble and Hays (J Geophys Res 84(A12): [7247][7248][7249][7250][7251][7252][7253][7254][7255][7256] 1979). Our simulations quantitatively support the traditional presentation of the ionosphere as an ideal conductor in models of the global electric circuit, so that our model can be used to investigate UT variations of the global electric circuit.
Introduction
The main interest in the ionosphere is due to its influence on the propagation of radio waves due to a change of the refractive index of the medium from the value of 1. The real part of the refractive index is determined by the concentration of electrons, and the imaginary part depends also on electron collision frequencies, which, in turn, depend on the concentrations and temperatures of other charged and neutral particles. The formation of space distributions of all these parameters is essentially affected by the electric field, since it determines the drift of charged particles in the geomagnetic field.
There are several mechanisms of ionospheric electric field generation. First of all, there are magnetohydrodynamic processes in the magnetosphere, associated with the interaction of the solar wind with the Earth's magnetic dipole. These phenomena create currents from the magnetosphere into the high-latitude regions of the ionosphere whose strength may be several millions of amperes (Hargreaves 1979) . Closure of these currents in the ionosphere occurs due to electric fields with a strength of up to 100 mV/m. These fields extend to the entire ionosphere; a field of mV/m order of magnitude penetrates even up to the geomagnetic equator (Denisenko and Zamay 1992) .
The second most important mechanism is winds in the upper atmosphere, which cause movement of the ionospheric medium. Due to this motion of the conducting medium in the geomagnetic field, the generation of electric fields with strength up to 10 mV/m occurs all over the globe (Hargreaves 1979) .
There are also ionospheric electric fields due to the currents from the atmosphere. These are the currents of the global electric circuit (GEC), which are generated by thunderstorms. Although numerous articles analyze the GEC, its ionospheric part is still insufficiently studied. The present work is devoted to mathematical simulation of the ionospheric electric field of the GEC, more precisely, the part of the GEC generated by thunderstorms.
In accordance with the modern definition of the GEC (Mareev 2010) , the ionospheric and atmospheric electric fields and currents generated in the magnetosphere are also included in the GEC. Such an approach is used in the model of Lucas et al. (2015) , but the ionospheric electric fields generated by thunderstorms are not visible against the background of those generated in the magnetosphere. That is why we do not include these fields and currents into the actual model and study only a part of the GEC generated by thunderstorms.
Of course, there are other, relatively small-scale, generators of ionospheric electric fields. For example, perturbations of the electric field are observed in the atmosphere near ground before earthquakes. The analysis of the penetration of such fields into the ionosphere is presented in many papers, and considered in our article (Denisenko 2015) . The maximum possible strength of the electric field penetrating the ionosphere associated with moderate earthquakes does not exceed μV/m (Denisenko et al. 2013) .
Modern views on the GEC are described, for example, in the review of Rycroft et al. (2008) . In the last decade, there has been considerable progress in studies of different aspects of the GEC by many authors and groups, e.g., Aplin et al. (2008) , Baumgaertner et al. (2013) , Bayona et al. (2015) , Pasko (2014, 2015) , Jansky et al. (2017) , Kudintseva et al. (2016) , Mareev and Volodin (2014) , Odzimek et al. (2010) , Rycroft et al. (2007 , , Slyunyaev et al. (2015) , Tinsley (2008) , Williams (2009) and Williams and Mareev (2014) . The generator in the circuit is the set of all storm clouds occurring on the Earth. Thunderstorm clouds are mainly discharged by lightning, carrying charges to the land and other clouds, but there also exists a current flowing into the upper atmosphere and further into the ionosphere. The total current into the ionosphere is on average about one or two thousand amperes .
This generator creates a potential difference of about 300 kV between two good conductors: the ionosphere and the ground. Because of its large conductivity the upper atmosphere above 20 km has about the same potential as the ionosphere (Denisenko et al. 2009 ). This means that the simplified consideration of the ground-ionosphere as a spherical capacitor with the upper shell coinciding with the bottom of the conducting D region ionosphere is incorrect as is shown in Haldoupis et al. (2017) . This effect is taken into account in our model because we use empirical models of the height distributions of the atmospheric conductivity.
Since the atmosphere is also a conductor, though a relatively poor one, charges return through it from the ionosphere to the ground. This vertical current of about 2 pA/m 2 density is referred to as the fair weather current. It is associated with a vertical electric field, whose strength under fair weather conditions is about 130 V/m near the ground. Since the currents from the thunderstorms penetrate into small regions of the ionosphere, and go down to ground from the whole ionosphere, there exists an ionospheric current to close the circuit. This current is generated by an electric field in the ionosphere, which is the subject of our study.
A great number of articles have described the GEC, and many detailed measurements have been made in the atmosphere. However, there is no measurement of the ionospheric part of this circuit because the currents involved are very small. A mathematical simulation helps in this situation. The model which we present here suggests what exactly should be found, or explains why observations are not possible.
The most detailed mathematical model of this field has been established for a long time in Hays and Roble (1979) . Due to the limitations imposed by the mathematical methods used, its authors greatly simplified the distribution of the ionospheric conductivity. In accordance with Hargreaves (1979) , the ionospheric current flowing across the magnetic field takes place at heights about 80-500 km and it can be approximately simulated with Pedersen and Hall conductivities integrated along magnetic field lines. In the model , Hall conductivity was neglected and the integral Pedersen conductivity Σ P was taken as a constant. Focusing on the phenomenon at night they put Σ P = 0.05 S , while Σ P exceeds 10 S in the sunlit ionosphere (Weimer 1999) . The authors of the model rightly pointed out that the electric fields were estimated from the above values in their model.
The purpose of this paper is to design a better model than the model of Hays and Roble (1979) by removing restrictive simplifications which influence the results too much. The main one of these simplifications is taking the integral Pedersen conductivity Σ P as a constant for the whole ionosphere. We use the physical model that is only slightly different from Hays and Roble (1979) , but, more importantly, more accurate mathematical methods. This allows us to take into account the inhomogeneity of the ionosphere, its Hall conductivity, the singularity of the ionospheric conductivity at the equator, and the nondipolar part of the geomagnetic field. The electric field obtained in our model is about 3% of that in the model of Hays and Roble (1979) .
First, this means that the ionosphere is a much better conductor than was previously considered. Secondly, satellite measurements of the ionospheric electric field that provides closure of the GEC are impossible in practice. Jansky and Pasko (2014) emphasized the importance of an accurate model of the highly conducting ionosphere for the correct description of fast processes like cloud-to-ground lightning discharges, and so such a model is necessary as an element in more complicated models.
Thus, the objective of the paper is to create a model of electric fields and currents, which constitute the ionospheric part of the GEC. The ionosphere, atmosphere and lithosphere are considered as a continuous conductor, but the many orders of magnitude difference in the conductivities of these three objects makes it possible to split the problem into three separate subproblems and to solve each of them separately.
Section 2 formulates the basics for our model electric conductivity equation, which describes the electric fields and currents in the global conductor under consideration. Section 3 represents the boundary condition for the atmospheric electric field, which replaces the detailed consideration of currents flowing in the lithosphere. Section 4 is devoted to the description of the decomposition method, which allows us to divide the solution of the problem into two problems, in the atmosphere and in the ionosphere.
In Sects. 5-8, we present our model of the atmospheric conductor. In Sect. 5, we simplify the atmospheric problem, approximately considering the currents as being vertical ones. As a consequence, in Sect. 6 we obtain a 1-D model for the electric field and current in each vertical column of the atmosphere. Section 7 describes the altitude dependence of atmospheric conductivity, constructed on the basis of three empirical models. After solving 1-D problems for each atmospheric vertical column and calculating its resistance, the 3-D problem is reduced to a 2-D problem. The input parameter for this is the global distribution of vertical atmospheric conductivity, constructed in Sect. 8. This takes into account topography of the Earth's surface, i.e. its relief, and the presence of oceans and clouds. The resistance of the atmosphere as a whole is calculated. Section 9 specifies the global distribution of thunderstorm generators of vertical electric current, borrowed from the model .
The ionospheric part of our model is considered in Sects. 10-14. Section 10 presents our model of the spatial distribution of the components of the conductivity tensor in the ionosphere above 90 km and the way it interfaces with the atmospheric conductivity below 50 km. Section 11 reduces the 3-D boundary value problem of the electrical conductivity in the ionosphere to the 2-D boundary value problem using a small-parameter expansion. Such a small-parameter is the ratio of the conductivity across the magnetic field to the field-aligned conductivity. On the basis of the charge conservation law, a 2-D equation for the distribution of the electric potential is formulated. It takes into account the presence of the conjugate ionosphere in the opposite hemisphere, thunderstorm currents from the atmosphere, and the fair weather currents. The input parameters for the 2-D equation are the global distribution of the current density from the atmosphere into the ionosphere, constructed in Sect. 9, and the global distributions of the integral Pedersen and Hall conductances, maps of which are constructed in this section.
Section 12 completes the constructed 2-D equation with boundary conditions. Approximate simulation of the main magnetospheric conductors permits us to consider the auroral zones as equipotentials. As a consequence, the ionospheric problem splits into a problem for the main part of the ionosphere, including middle and low latitudes, and two problems for the polar caps. Thus, for the main part of the ionosphere and for the polar caps, three boundary value problems are obtained, each of which has a unique solution. Our numerical method which is used to solve these problems is briefly described.
Section 13 presents and analyzes the ionospheric electric fields and currents obtained as a result of these calculations. Since many of the input parameters of the model either vary with time, or are not well known, Sect. 14 is devoted to an analysis of the effect of these variations and uncertainties on the results obtained. The final Sect. 15, along with a listing of the main results of the presented research, contains an analysis of possible modifications of this model.
The Electric Conductivity Equation
Here we regard the atmosphere, ionosphere and magnetosphere as an integrated conductor with the only generator that provides vertical electric current in the atmosphere.
It is adequate to use a steady-state model for a conductor with the conductivity tensor ̂ if the typical time of the process is much larger than the charge relaxation time = 0 ∕ (Molchanov and Hayakawa 2008) . Since atmospheric conductivity increases with height, it has a minimum value near the ground, where > 10 −14 S/m (Molchanov and Hayakawa 2008) . So the charge relaxation time in the Earth's atmosphere is less than a quarter of an hour and such a model can be used for atmospheric electric fields which are not substantially varied during an hour or more. Simulations in the frame of a time-dependent global electric circuit model (Jansky and Pasko 2014) showed that charges produced by lightning relax to zero with the same time scale.
The basic equations for the steady-state electric field and current density are Faraday's law, the charge conservation law, and Ohm's law, Equations (1, 2) follow from Maxwell's four equations when all parameters are time independent. Equation (3) is the empirical constitutive equation between and . The given function Q differs from zero if an external electric current exists. Then the total current density is equal to + ext and Eq. (2) with Q = −div ext is the charge conservation law for the total current.
Because of Eq. (1) the electric potential V can be introduced so that
Then the system of Eqs.
(1-3) is reduced to the electric conductivity equation
We use spherical geodetic coordinates r, , , spherical geomagnetic coordinates r, m , m , latitude = ∕2 − , geomagnetic latitude m = ∕2 − m and height above mean sea level h = r − R s ( , ) . The function R s ( , ) corresponds to an ellipsoid and will be defined later. Corresponding geodetic and geomagnetic Cartesian coordinates are also used.
Lower Boundary
The lower boundary of the atmosphere is the Earth's surface. We use the data base (Hastings et al. 1999 ) that gives height h g ( , ) above the mean sea level at the grid in geodetic coordinates , with step size 0.1 o . We use linear interpolation to get height h g ( , ) for any , . A diagram of the mean sea level and a mountain is presented in Fig. 1 . The mean sea level is the surface r = R s ( , ) with function R s ( , ) defined in the World Geodetic System WGS 84. This surface is an oblate spheroid (ellipsoid) with radius a = 6378 km at the equator and the polar radius b = 6357 km and the mean
Earth's radius R E ≃ 6370 km (World Geodetic System 1984) . Our model of the topography is presented in detail in Denisenko and Yakubailik (2015) .
The conductivity of the air near ground has a typical value 10 −14 S/m. The Earth's nearsurface conductivity ranges from 10 −7 S/m (for poorly conducting rocks) to 10 −2 S/m (for clay or wet limestone), with a mean value of 3.2 S/m for the ocean . So the Earth's ground is usually regarded as an ideal conductor, that means a constant value of the electric potential at the Earth's surface where V 0 is a constant whose value will be defined later.
For fast processes like cloud-to-ground lightning discharges, it is necessary to take the finite conductivity of the ground into account as is done in the model of Jansky and Pasko (2014) , but here we study processes with much larger time scales.
Separation of Ionospheric and Atmospheric Conductors
After separating the ground with the help of the boundary condition (6), the remaining conductor consists of the atmosphere, ionosphere and magnetosphere. There are no clear boundaries separating the ionosphere, but we define its conditional boundaries at the altitudes of h I = 90 km and h M = 500 km to divide the regions with substantially different conductivities. Ionospheric currents flow across the magnetic field mainly at heights of 80-500 km (Hargreaves 1979) . The reason and the possibility to shift the lower boundary from 80 to 90 km we discuss in Sect. 10.
In the separated ionosphere, the conductivity in the direction of the magnetic field exceeds by several orders of magnitude the conductivity in perpendicular directions, which makes it possible to use the 2-D model described in Sect. 11. To simulate the magnetosphere, defined as a region above 500 km, we regard the conductivity in directions perpendicular to as zero in Sect. 12.
In this paragraph, we consider the atmosphere as a region below 90 km. However, in Sects. 5 and 6 we additionally separate the layer 50-90 km, where the conductivity differs significantly from being isotropic, in contrast to the underlying lower part of the atmosphere, but there is no dominance of conductivity along , which occurs 
above 90 km. Because of this, the calculation of the electric fields and currents in the 50-90 km layer would be much more complicated than in the other regions, if it was required. Solving such a complex 3-D problem can be avoided, since this layer has little effect on both the conductivity of the atmosphere in the direction of the groundionosphere (Sects. 5 and 6), and the conductivity of the ionosphere in the horizontal directions (Sect. 11).
To visualize the ionospheric electric fields, we use a surface at an altitude of h = 120 km. This choice is explained in Sect. 11. Since ionospheric conductivity is many orders of magnitude larger than the atmospheric conductivity, the ionosphere can be approximately simulated as an ideal conductor, that means V(h, , ) = 0 at large heights h > h I . Such a conventional height of the ionosphere h I ought to be taken large enough to make only a small influence on the atmospheric electric fields and currents. Test calculations in Ampferer et al. (2010) show that h I > 90 km is enough. Then the boundary condition takes the shape It completes the Dirichlet boundary value problem (5, 6, 7) for the atmosphere that is simulated as a conductor between two ideal conductors. Such a problem has a unique solution when the constant V 0 is given. Then current densities through the boundaries can be calculated. Because of the charge conservation law just these currents appear in the ionosphere and under the ground correspondingly. They are to be used in the boundary conditions for two more conductivity problems in the ionosphere and underground. We are not interested in underground fields here and the ionospheric model is described in Sect. 11.
The solutions for these problems give some distributions of potential at the boundaries which differ from constants V 0 and zero. They can be used as the new right-hand sides in the boundary conditions (6, 7) in the atmospheric problem for which a new solution will be more precise. These iterations can be repeated if necessary. Such a method is referred to as domain decomposition. It has fast convergence if conductivities in the separated domains differ greatly. As we will see later, iterations are not necessary for our problem because potential differences in the ionosphere V(h I , , ) are three or four orders of magnitude less than V 0 and so have a negligible influence on the currents from the atmosphere to the ionosphere.
Simulation of the Earth's ionosphere as an ideal conductor is conventional (Rycroft and Odzimek 2010 ), but it is stressed in the same paper that this is valid only for atmospheric problems. There is the opposite relation for magnetospheric generators. The ionosphere is a bad conductor in comparison with the magnetosphere and so electric fields in the highlatitude ionosphere can be found by mapping along magnetic field lines from distant parts of the magnetosphere.
The variations of the ionospheric potential at high latitudes are mentioned in Tinsley and Zhou (2006) and in many other papers. The penetration of the ionospheric electric fields into the atmosphere is analyzed in Denisenko et al. (2009) and Roble and Hays (1979) . It can be analyzed separately in view of the linearity of the problem and these fields constitute a part of the GEC that is not generated by thunderstorms. Moreover, the influence of magnetospheric generators cannot be regarded as a part of the GEC if this circuit is closed in the atmosphere, ionosphere and ground as is shown in Fig. 1 in Tinsley and Zhou (2006) . Strictly speaking the 100 kV potential difference in the ionosphere shown in that diagram could not exist without currents from the magnetosphere which are not shown. This definition of the GEC is a conventional one as is shown in the review of Mareev (2010) . So we do not include these fields and currents into the actual model. 1 3
The Currents in the Atmosphere
The electric fields and currents in the neighborhood of a thunderstorm cloud were calculated in the paper (Denisenko 2014b ) within the same model of the electrical conductivity, which we use in this paper, with (h) distribution (Rycroft and Odzimek 2010) . A cloud elongated by the magnetic longitude was studied. So a two-dimensional model was used. All parameters do not depend on the magnetic longitude, including the magnetic inclination . The cloud is located at altitudes 5-15 km and it has a width 40 km. Its cross section is the ellipse shown by a thin line in Fig. 2a . Inside the cloud according to Rycroft and Odzimek (2010) the conductivity was decreased 10 times compared to the conductivity at the same height outside the cloud. This change occurs in a narrow boundary layer between the two ellipses shown by the thin lines in Fig. 2a . In the interior part of the cloud, a uniform vertical current with density j cloud ext = 110 pA/m 2 was defined. It decreased to zero in the boundary region. This current density was selected such that a potential difference of about 10 MV arose between the upper and lower boundaries of the cloud. The potential difference between the ionosphere and the ground was taken as V 0 = 345 kV in that model, V = 0 in the ionosphere, −V 0 at ground. It was chosen so that the fair weather electric field near the ground was E 0 = 130 V/m . The corresponding fair weather current density was j 0 = 1.7 pA∕m A numerical solution for this electroconductivity problem was obtained. The resulting electric field for = 45
• is presented in Fig. 2a in the meridional plane. The equipotentials are plotted on a logarithmic scale: the values at adjacent lines differ by a factor of 10. Only the zero line is shown for |V| < 1 V. Above h = 80 km the potential differences are < 0.1 V. Figure 2b shows the current lines for the total current tot = cloud ext +̂ . Below h = 50 km the inclination of the magnetic field has no effect. The distributions of electric fields and currents are the same as in the case of the vertical magnetic field which is also discussed in Denisenko (2014b) . Above h = 50 km the currents shift horizontally by only 20-30 km from being vertically above the cloud, and this property is maintained for wider clouds. Above h = 50 km the current lines, remaining almost parallel to each other, turn and above h = 70 km they almost take the direction of the magnetic field . The directions of the fair weather currents appear to be rather simple: they are vertical below ≃ 60 km and go along above ≃ 70 km.
It is demonstrated in Denisenko (2014b) that for the clouds with width > 100 km tot ≃ 0.6 cloud ext ≃ 70 pA/m 2 and the current density is independent of the height. These properties correspond to a 1-D model described in the next section.
From the described model (Denisenko 2014b) for us only the following property of the large-scale currents is important. Thunderstorm generated currents appear in the ionosphere with a horizontal shift of only a few tens of km when they rise from the lower atmosphere. These currents, as well as fair weather currents, also are shifted horizontally in the direction of the magnetic field by x ≃ 20 km∕ tan ( ) . For example, the Himalayas with such a projection into the ionosphere must be shifted to the South by x ≃ 30 km.
Near the magnetic equator, the shift is not described by this formula. Thunderstorm clouds at the geomagnetic equator are similarly considered in Denisenko (2014a). The above-described shift to the north or to the south in such a case disappears because of the symmetry, and expansion during the flow up through the atmosphere reaches ≃ 100 km. The shift to the east for a distance about 100 km appears because of the Hall conductivity.
In this model, we have neglected all these displacements and extensions because we are interested only in horizontal scales >> 100 km. We also neglect the electric fields above h = 50 km, which provide the passage of the currents from this height to the ionosphere, because the potential difference is less than 0.1% of the potential difference below this height.
To this accuracy, we consider the currents in the atmosphere as vertical ones. Such an approximation is analyzed in Slyunyaev et al. (2015) . Then atmospheric electric fields are vertical, too, because the conductivity is scalar below h = 50 km. It is shown in Ampferer et al. (2010) that for the events with horizontal scale < 100 km the atmospheric currents are no longer purely vertical. So our model would not be accurate if applied for simulation above mountains with steep slopes and peaks.
We substitute a detailed consideration of the external currents inside thunderclouds with vertical charge transfer from ground to the ionosphere as is shown in Fig. 3 . Let us separate a vertical column of the atmosphere with cross section 1 m 2 . The left panel presents three parts of such a conductor with resistances a between ground and lower boundary of a cloud, c inside a cloud, and i between a cloud and the ionosphere. A generator of external current j cloud ext works inside the cloud. Just the density of the external current is the original physical parameter while the voltage and the charge density inside a cloud are the results (Feynman et al. 1964 ). So we use it as the given value in the model of separate clouds (Denisenko 2014b) for which results are shown in Fig. 2 shown in the right panel. The current through the resistor is considered together with other conduction currents in the frame of the boundary value problem (5, 6, 7). A similar approach is used by Slyunyaev et al. (2015) .
Of course, there are large currents due to transient sprites but their effect on the global atmospheric electric circuit is small (Fullekrug and Rycroft 2006 ). Here we suppose that the parameter is defined only by the steady-state conductivity without its short duration increases due to sprites and lightning discharges when relations between j cloud ext and j ext may be much more complicated. In Sect. 10, we construct the global distribution of the effective external current density j ext in accordance with the empirical model of Hays and Roble (1979) ; only this is the input parameter for our model. Its integral over all the Earth's surface we designate as where r = R s ( , ) + h g ( , ).
1-D Model of the Atmospheric Conductor
In accordance with the analysis made in the previous section for atmospheric conduction currents we use the flat 1-D model instead of 3-D equation (5) with boundary conditions (7, 6) It also was shown in that section that the conductivity above h = 50 km is so large that the potential difference above h = 50 km is less than 0.1% of the potential difference below this height. So we shift the boundary condition (7) from the height h I ≥ 90 km to h 0 = 50 km in (9). Rather than the tensor form, this permits us to use the scalar conductivity (h) for calculations of the electric fields and currents in the atmospheric part of the global conductor.
We use the equation for a flat model (9) instead of its spherical version 
This equation is equivalent to the equation in (9) if its coefficient
, and this multiplier negligibly differs from 1 by an amount
The solution V(h) of the problem (9) must have indices , since the input values depend on coordinates. For example, in a cloudy area the conductivity of the atmosphere is reduced as was described in the previous section. We omit the indices , for brevity. The solution to this problem gives the strength of the vertical electric field E(h) = −dV∕dh and current density j = − (h)dV∕dh.
By virtue of Eq. (9), the current density j does not vary with height, and hence j is a function only of the coordinates , . The last property allows us to reduce the solution of the problem (9) to the integration over height:
The last integral is the resistance of the atmospheric vertical column with 1 m 2 cross section between ground and ionosphere It is not difficult to calculate the integral of the given function numerically. Then we get the value j( , ) from Eq. (10). The inverse value is the conductance of the same atmospheric vertical column.
Height Distribution of Conductivity in the Atmosphere
Thin lines in Fig. 4 show the height distributions of the conductivity (h) , proposed for fair weather above ground by the empirical models (Rycroft and Odzimek 2010; Handbook of Geophysics 1960; Molchanov and Hayakawa 2008) . The real values of can be several times different from the model ones (Handbook of Geophysics 1960). The model (Handbook of Geophysics 1960) is based on direct measurements, but the statistical variance of the values does not contradict the other mentioned models. Since we do not have strong arguments in favor of one of these models, in this paper we use the averaged distribution shown by the bold line in the same figure. It is constructed in such a way that it does not contradict the three models and satisfies two conditions: (0) = 1.54 × 10 −14 S/m , (0) = 1.25 × 10 17 Ωm 2 . The first condition ensures, under fair weather, a vertical current density j 0 = 2 pA/m 2 when the vertical electric field strength equals E 0 = 130 V/m . The second condition by virtue of (10) provides a potential difference between ground and the ionosphere V 0 = 250 kV for the same E 0 . The given values of E 0 , j 0 , V 0 are considered to be typical for the GEC .
The constructed function log 10 ( (h)) is given by the following formulae:
where the values at h = 50, 30, 0 km are s 50 = −10 , s 30 = −10.9 , s 0 = −13.812 for ground or s 0 = −13.51 for sea.
A cloud changes the conductivity (h) obtained by these formulae only at 5 < h < 15 km; the cloud conductivity is the clear air conductivity multiplied by at 6 ≤ h ≤ 14 km with linear interpolation of this multiplier near the cloud's boundaries at 5 < h < 6 km and at 14 < h < 15 km.
Of course, it is a very simplified model. Measurements (Handbook of Geophysics 1960) show tenfold variations of conductivity near the ground. We also suppose that mountains do not vary the properties of the surrounding air, while really they increase the amount of aerosols and so decrease the conductivity of the air. The aerosol effect on the conductivity, may, however, be partially compensated by their contribution of additional radioactive ionization from their surface geology.
Global Distribution of Conductivity in the Atmosphere
In our model, ( , ) is determined by three factors. The first of them is the height of the Earth's surface h g ( , ) that is the lower limit of integration in (11).
The resistance decreases with increasing altitude of ground surface. A plot of as a function of the height of ground surface h = h g ( , ) is shown in Fig. 5 . It corresponds to Rycroft et al. (2008) . For example, both figures show that the resistance of the layer 0-1.7 km is equal to that of the layer 1.7-10 km. We can see that the atmosphere above 30 km does not contribute significantly. The second reason for ( , ) variations is the increased conductivity in the lower atmosphere above the sea. According to Molchanov and Hayakawa (2008) , the conductivity above the sea surface is twice as high as above ground, and this difference disappears at an altitude of 2-4 km. Since the surface layer, in which the conductivity rapidly increases with altitude, in our model, as well as in other models (Rycroft and Odzimek 2010; Kudintseva et al. 2016; Handbook of Geophysics 1960) , is substantially smoother in comparison with model of Molchanov and Hayakawa (2008) , we make the difference between the conductivities above the ground and sea equal to zero above 6.5 km, while it is negligible above 4 km.
The third modification is due to the decrease in conductivity inside clouds. In accordance with the model of Rycroft and Odzimek (2010) , due to cloudiness, the conductivity decreases by a factor of 5-10 at altitudes of 5-15 km. We reduce the conductivity by a factor of 10 at altitudes of 6-14 km with a linear interpolation to values outside the cloud in the 5-6 km and 14-15 km layers. So the total resistance from the ground at sea level to the ionosphere increases by a factor of two as the curves "cloud" in Fig. 5 show. The curves "sea" and "ground" show the resistances above the sea and ground correspondingly. They are plotted for the atmosphere with and without clouds. The resistances a , c , and i , which are, respectively, the resistances between ground and lower boundary of a cloud, inside a cloud, and between a cloud and the ionosphere, are studied separately in the model (Slyunyaev et al. 2015) and so the ratios of their model values are calculated. They are c ∕ i = 2.8 , a ∕ i = 3.6 if a cloud is between h = 4 km and h = 12 km. Figure 5 shows these ratios equal to 2.7 and 6.3 for fair weather conditions above sea in our model and a ∕ i = 10 above ground. It means that above h = 4 km our models do not differ, and below h = 4 km the conductivity in the model of Slyunyaev et al. (2015) does not decrease near ground so much as for our model shown in Fig. 4 . For example, (0) = 1.54 × 10 −14 S/m and 3 × 10 −14 S/m correspondingly above ground and sea in our model and ≃ 5.5 × 10 −14 S/m in Slyunyaev et al. (2015) . We suppose that the density of clouds C cl is proportional to the external current density j ext ( m , m ) using the model which is described in the next section. Outside thunderstorm areas C cl = 0 , and it would reach C cl = 1 if j ext = 60 pA∕m 2 . Such a value is rather arbitrary and we will discuss its influence on the results later. Since j ext defined in the next section has a maximum value of about 60 pA∕m 2 in central Africa, our definition of C cl means permanent clouds inside that area. We do not include other clouds in the model.
The total current through the atmosphere can be obtained by integrating over all the Earth's surface:
Due to the linearity of the problem (9) with respect to V 0 , the total current I is also proportional to V 0 . The resistance R of the atmosphere as a whole including the regions of thunderstorms with decreased conductivity is defined by the relation In view of (10, 13) it can be calculated as
The signs are chosen so that for positive values of V 0 the Earth has a negative potential with respect to the ionosphere, and the electric field E and the current j are directed downwards. Therefore, the total current I is also negative and the resistance R is positive. As the result of integration of (15), we have R = 180 Ω.
The typical value R = 190 Ω with an increase up to R = 300 Ω in some models is presented in Tinsley and Zhou (2006) . Many factors like volcanos and radon production from the ground are analyzed in those models. Our model is not so sophisticated because we are interested mainly in the ionospheric part of the GEC. Anyway we can vary the model value of R between certain limits by the variation of the density of clouds. If clouds are everywhere the resistance R 3 = 496 Ω . If clouds are absolutely absent R 2 = 175 Ω . So the presence of clouds could vary the total resistance of the atmosphere by about 2.8 times. Now we take into account only a small portion of the clouds, namely thunderclouds.
If the Earth is a sphere without seas R 0 = 245 Ω that corresponds to the fair weather value 0 = 1.25 × 10 17 Ωm 2 for our model of conductivity. If the surface of the Earth were at the sea level, h g ( , ) = 0 everywhere and no cloud exists, these formulae would give R 1 = 195 Ω instead of R 2 = 175 Ω . Thus, the Earth's relief reduces the total resistivity of the atmosphere by about 11% . The model of Jansky et al. (2017) gives R = 235 Ω with a decrease by 10 Ω because of topography. Such a decrease in our model is twice as large because we use a conductivity profile with a boundary layer near the ground as is shown in Fig. 4 . The local resistance of a vertical column of the fair weather atmosphere over the high mountains is reduced much more, about 5 times over the mountains with 6 km height as is shown in Figs. 5 and 6. The model (Baumgaertner et al. 2014) gives up to twice larger column resistance because of clouds. Possible results within the framework of our model we discuss in Sect. 14.
A total atmospheric resistance of 227 Ω was obtained from the modeling work of Makino and Ogawa (1985) , increasing to 258 Ω with a 20% decrease in cosmic ray ionization or 242 Ω for a 20% increase in global aerosol burden. For this evaluation Makino and Ogawa
(1985) assumed an equipotential ionosphere, with the spatial variation in columnar resistance found by combining the cosmic ray ionization profile with aerosol concentrations chosen to represent conditions above the continents and oceans. [The detailed representation chosen of the aerosol profile, clouds and cosmic ray ionization determines the exact value of the total atmospheric resistance obtained from such modeling (Baumgaertner et al. 2014 ) .] Above the Tibetan plateau, Makino and Ogawa (1985) found that the columnar resistance was 2.7 × 10 16 Ωm 2 , compared with 1.3 × 10 17 Ωm 2 over the Indian ocean, which is again a factor of about 5 between the highest mountain altitudes and sea level.
The distribution of the vertical columnar conductance of the atmosphere in geomagnetic coordinates Σ( m , m ) is shown in Fig. 6 . As can be seen in and Σ is increased above mountains. These features are also described in Rycroft et al. (2000) and Tinsley and Zhou (2006) . The main features of Fig. 6 look similar to those in Fig. 14 in Tinsley and Zhou (2006) .
Global Thunderstorm Generator
We use the model of the global distribution of thunderstorm activity. They separate five main thunderstorm regions as typical ones for a northern hemisphere summer at 19:00 UT. These regions are defined as quadrangles in geomagnetic coordinates m , m . They are plotted in Fig. 6 . It is supposed in Hays and Roble (1979) that all thunderstorm generators produce 2 kA total vertical current above clouds that is distributed in these five regions proportionally to the number of thunderstorms in them, namely 600 A in Africa, 100 A is Southern Asia, 1000 A in Central America, 280 A in Southern America, 20 A in Europe.
By virtue of the charge conservation law, the total external current (with the opposite sign) is equal to the total current of atmospheric conductivity I (13), which is provided by the potential difference between ground and ionosphere (14). The total resistance of the The rectangles show the regions with electric current to the ionosphere from thunderstorm clouds atmosphere for the conductivity model used is found above as R = 180 Ω (15). The current I = 2 kA corresponds to 360 kV.
We believe that the parameter V 0 is known more accurately than I ext . Therefore, we use as a given value of V 0 = 250 kV ) and calculate the total conductivity current from Ohm's law (14) with the value R = 179 Ω that is found above where the minus corresponds to the downwards direction. To fulfill the charge conservation law when I ext = −I = V 0 ∕R = 1.4 kA we reduce the density of external currents ) by 1.43 times. Then the currents in the five rectangles become equal to 420 A , 70 A , 700 A , 196 A , and 14 A , respectively.
So the total current of the GEC I ext = −I = 1.4 kA in our model. It is possible to increase the current up to 2 kA in the model if we increase V 0 1.43 times, when the key parameters E 0 , j 0 are also increased. As an alternative we can use another model of atmospheric conductivity. For example, the model (Molchanov and Hayakawa 2008) presented with curve 3 in Fig. 4 gives the total resistance of the atmosphere 129 Ω instead of our R = 179 Ω and so there would be I = 1.94 kA for the same V 0 = 250 kV . Since (0) = 10 −14 S/m and (0) = 10 −17 S/m 2 in that model, the fair weather electric field and current would be
It is more simple to decrease the total current. If the density of clouds C cl = 0.465 all over the globe ( C cl = 1 would mean total cloud cover) the total resistance of the atmosphere equals 250 Ω instead of our R = 179 Ω and so there would be I = 1 kA for the same V 0 = 250 kV with the conventional fair weather surface electric field E 0 = 130 V/m.
We next somewhat smooth out the distribution of j ext ( m , m ) in comparison with Hays and Roble (1979) . Instead of having a jump from zero to a value that is constant inside each of five rectangles, we construct linear functions in each strip near the boundary whose width is equal to one tenth of the side of the rectangle. Such smoothing does not matter from the physical point of view, since the model of j ext ( m , m ) is too rough, but it improves the properties of the problem from the computational point of view.
Conductivity in the Earth's Atmosphere and Ionosphere
We use parallel and normal to the direction of magnetic induction components of vectors which are marked with symbols ∥ and ⊥ . Then Ohm's law (3) in a gyrotropic medium takes the form with Hall ( 
is not precise enough to describe them. For our purpose, the interval 80 km < h < 90 km is not important for two reasons. Its presence negligibly varies the conductance of the atmospheric column because the conductivity there is many orders of magnitude larger than below 30 km. In Sect. 11, we show that the layer h < 90 km only slightly varies the integral conductance of the ionosphere. So it is enough to use below 90 km the following simplified model of conductivity.
Below 50 km, we use the model constructed above in Sect. 6. It is close to the empirical model of Rycroft and Odzimek (2010) . The electric conductivity is isotropic there. It does not depend on the magnetic field and so we can identify it as the field-aligned ∥ conductivity. At the heights h = 50-90 km the transformation from an atmospheric type of variation to an ionospheric one occurs (Rycroft and Odzimek 2010; Schlegel and Fullekrug 2002) . We approximate a height dependence in the upper atmosphere as a smooth continuation from the ionosphere above h = 90 km to the values below 50 km which are typical for the atmosphere. Namely, in the layer 50 km < h < 90 km , the values for log ∥ and log P are interpolated by cubic functions of h.
The model (Denisenko et al. 2008 ) permits us to calculate conductivities in the ionosphere only above h = 80 km since the model IRI is not applicable below this height. These calculations show that all components of the conductivity tensor are defined by electrons below h = 90 km and all ions give negligible contributions. We suppose that such a domination takes place also in the whole layer 50 km < h < 90 km where the values for ∥ and P we obtain by continuation of the ionospheric height distributions.
For plasma with one dominating kind of charged particles, the formulae for conductivities written in Hargreaves (1979) are simplified. Then they give the following relation between components of the conductivity tensor So it is not necessary to interpolate the values for H ; it can be deduced from this formula after interpolation of Since such an equality is valid at the height 85-95 km, we can use this approximation. We extrapolate it down to 50 km. In our model, the Hall parameter equals zero below 50 km which corresponds to isotropic conductivity there.
As we will see later, the details of conductivity profiles in this layer 50 km < h < 90 km are of no matter for our model. Only two properties must be represented. The conductivity in the vertical direction is much larger than that in the atmosphere below it and the conductivity in the horizontal direction is much smaller than that in the ionosphere above it. For some other processes, the conductivity in the D-layer is important. For example, Schumann resonances are sensitive to a vertical shift of the profiles which can be by up to 10 km at these altitudes (Schlegel and Fullekrug 2002) .
The typical mid-latitude height distributions are shown in Fig. 7 for night-time conditions in summer under high solar activity. It should be mentioned that these are averaged profiles and the values of actual conductivity on a particular day can be a few times different. The dashed lines in Fig. 7 present the effective Pedersen and Hall conductivities, which describe the ionospheric conductor accelerated by Ampere's force. Such an acceleration would make the conductor move with a drift velocity if the time is long enough and no other force exists. Here we use an averaged acceleration period of
explanation can be found in Denisenko et al. (2008) . Sometimes this effect is taken into account in a simplified form as neglecting Hargreaves (1979) shows how to reduce a three-dimensional model to a two-dimensional one when the conductivity in the direction of the magnetic field ∥ is a few orders of magnitude larger than P , H . We follow the approach of Gurevich et al. (1976) where this procedure is made accurately from the mathematical point of view. Our version of this type of model is presented in Denisenko (2018) . Here we briefly present only the key features of the model.
2-D Model of the Ionospheric Conductor
As can be seen in Fig. 7 , the conductivity in the direction of the magnetic field = 90 km because of small conductivity below this height. Calculations show that inclusion of the conductivity outside this layer would increase the integral Pedersen conductivity and day-time Hall conductivity by less than 1% , which is negligible. The night-time Hall conductivity can be increased up to 3% by the layer below 90 km . We have to accept this error for the reasons described in Sect. 10. Under high solar activity, the lower boundary of the ionosphere can be shifted about 20 km down if one defines it as the height with some fixed electron concentration. Nevertheless the ionization increases at all heights and so the relative contribution of the layer below 90 km does not increase.
Strictly speaking there must be some geometrical factors in the integrals (22) since the neighboring magnetic field lines are not parallel (Denisenko 2018) . We divide a magnetic field line into three parts: Northern, magnetospheric and Southern. The magnetospheric part of an equatorial line like the lines 4, 5 in Fig. 8 is absent and the parts are separated by the top. The Northern and Southern segments are embedded in the layer h I < h < h M with nonzero conductivities. We approximately regard neighboring segments as parallel ones and take the geometrical factors into account only for the magnetospheric part of the line. It has zero effect on the integrals (22) but defines correspondence of the conjugate points in the hemispheres (Denisenko 2018) . So the limits of integration for the Northern and Southern segments in (22) correspond to the points at which the line crosses the lower and upper boundaries of the conducting layer, shown as the height interval h I < h < h M in Fig. 8 . For an equatorial magnetic field line, the upper limit corresponds to its top.
The integral conductance Σ P or Σ H at each half of a magnetic field line can be shown at the surface h = 120 km in the dot where the line crosses the surface. In other words, a half of a magnetic field line is substituted with a dot as is shown in Fig. 8 . It must be mentioned that equatorial magnetic field lines which are below h = 120 km , such as the line 5 in Fig. 8 (22) and to trace the magnetic field lines in the magnetosphere we use the IGRF model of the geomagnetic field. This model presents the field that is created by currents which exist inside the Earth as a sum of 65 spherical harmonics with empirically found coefficients. If the geomagnetic field is supposed to be a dipolar one then only the first harmonic is used. The geomagnetic equator would be changed by the straight line m = 0 in Fig. 9 . The position of the actual geomagnetic equator differs from the dipolar one mainly between Brazil and Africa at 20
• < m < 100
• . The empirical model IRI does not present any auroral enhancement of electron concentration that is produced by high energy electron and proton precipitation from the magnetosphere. A corresponding enhancement of conductivity is usually added as the auroral zones with large integral conductances Σ P , Σ
H
. These values are rather variable. We use some average values of the models (Kamide and Matsushita 1979; Spiro et al. 1982; Weimer 1999) .
The obtained global distributions of Σ P , Σ H are presented in Fig. 9 ; a logarithmic scale is used since the values vary by almost four orders of magnitude. The Pedersen conductivity Σ P > 0.2 S in our model is about 10 S in middle-latitude daytime ionosphere and increases up to 150 S near the geomagnetic equator. It is in contrast with the constant value 0.05 S for the whole ionosphere in the model of Hays and Roble (1979) .
The charge conservation law (2) for the 2-D model is satisfied as integrated along a magnetic field line. Using Ohm's law (21) and the expression of the electric field strength by formula (20), we obtain the equation for the electric potential V. It is useful to construct some plane with Cartesian coordinates x, y that crosses all magnetic field lines of interest and to write this equation as
where Q ext is the density of current from the atmosphere, that is already found in Sect. 9, transformed to the new coordinates x, y. The coefficients Σ xx , Σ xy , Σ yx , Σ yy differ from Σ P , Σ H only by geometrical factors defined by the chosen plane. For the main part of the ionosphere, a part of the cross section of such a plane is shown as a dark segment in Fig. 8b .
The partial differential equation (23) is an equation of elliptical type which means that one can use boundary conditions similar to those for Poisson's equation.
Boundary Value Problems
Because of large ∥ the magnetospheric conductors are connected with the ionosphere. Our way to take them into account is presented in Denisenko (2018) . The magnetic field lines from the auroral zones go to the magnetopause (region 1 in Fig. 11 ) or to the plasma sheet (region 2 in Fig. 11) , where the conductance across magnetic field lines is about 100 S (Cattell 1996). As the result of a detailed consideration (Denisenko 2018) , we can put V = 0 in The auroral zones are equivalent to almost ideal conductors because they are connected in parallel with good magnetospheric conductors. We approximately regard them as ideal ones. The electric potential V = const at an ideal conductor and its value can be taken as zero since V-const corresponds to the same electric field as V in view of (4).
This condition cuts the ionosphere into three parts which are the Northern (region 4 in Fig. 11 ) and Southern polar caps and the main part that contains middle and low latitudes (region 3 in Fig. 11 ). These parts of the ionospheric conductor in many aspects can be analyzed independently since the potential at their boundaries is already defined as zero:
where we denote the boundaries of the Northern and Southern polar caps as Γ N and Γ S . The auroral boundary of the main part of the ionosphere is Γ aur . They are the boundaries of three corresponding flat domains Ω N , Ω S and Ω in appropriate Cartesian coordinates. Strictly speaking the positions of these boundaries are not well defined. So we analyze their influence on the results in Sect. 14 and show that it is small.
The interior boundary Γ eq of Ω corresponds to the last magnetic field lines which are regarded as ionospheric ones and so as equipotential ones. For simplicity and clarity, we first consider the points of this boundary near which the magnetic field has the form shown in Fig. 8 b. A dark segment is a cross section of a part of the domain Ω N that is near the boundary Γ eq . The lower point of this segment belongs to the considered boundary, that is, the magnetic field line 5 is the last one. Above it there is the ionosphere, in which the approximation ∥ = ∞ (18) is used, which made it possible to construct a 2-D model. The boundary condition as a consequence of the charge conservation law is where the subscript denotes the current component normal to the boundary. In view of (21) this boundary condition defines the value of the inclined derivative of V.
Such a boundary condition coupled with the large integral conductance near the boundary forms the electrojet whose current is defined by the Cowling conductance Σ (Forbes 1981) . The thin strip near the boundary where the electrojet exists can be separated with a special boundary condition to improve the effectiveness of the numerical method (Denisenko 1998) ; however, in the actual model we use the original condition (27).
While integral conductances are calculated as described in the previous section, we use the IGRF model of geomagnetic field. This model presents only the field that is created by currents which exist inside the Earth. Such a field is dominant in the ionosphere, but it decreases in the magnetosphere far from the ionosphere, and tracing the magnetic field lines needs consideration of the fields produced by magnetospheric currents. First of all, there are currents at the magnetopause which close the geomagnetic field inside the magnetosphere and currents in the current sheet which pull the magnetic field from the Earth to the tail. It seems to us that the best empirical model of magnetospheric magnetic field is the one created by Tsyganenko and Sitnov (2007) . Since we are interested only in closed magnetic field lines starting in the region 3 in Fig. 11 , which do not extend too far from the Earth, we use our more simple model (Denisenko et al. 2006 ) in addition to the field of the
model IGRF. Tracing of magnetic field lines is necessary to find conjugate points in the Northern and Southern hemispheres since these points have equal potentials because of the high conductivity along a magnetic field line. It means that these conductors in the Northern and Southern hemispheres are connected in parallel and one must take this circumstance into account for the ionospheric electric field and current simulation as we describe in next section. We are to solve the Dirichlet boundary value problem (23, 24) for the unknown function V in 2-D flat domain Ω N and a similar boundary value problem for the Southern polar cap (23, 25) . For the main part of the ionosphere, a more complicated boundary value problem (23, 26, 27) appears in the domain Ω . Each of these problems has a unique solution (Denisenko 1995) .
The main difficulties in solving these boundary value problems are related to the Hall conductivity that makes operators of these boundary value problems not symmetrical ones. We proposed new statements with symmetrical positive definite operators which correspond to minimization of the total Joule dissipation. In a particular case Σ xx = Σ yy = 1 , Σ xy = Σ yx = 0 , Eq. (23) is the Poisson equation and our variational principle for the problem (23, 24) is the Dirichlet principle. The new principles are proven for different 2-D boundary value problems in Denisenko (1994) and Denisenko (2002) and for a 3-D problem in Denisenko (1997) . It is simple to apply the finite element method for such a problem. We construct a grid with the usual restrictions and use piece-wise linear functions to approximate the solution. The system of linear algebraic equations for the set of grid values are obtained as the condition of a minimum of the energy functional (total energy). We use a multigrid method to solve these algebraic equations because it is the most effective method for the matrixes which approximate operators of elliptical type. Our numerical method for such a problem is described in detail in Denisenko (1998) , including a new statement of the boundary value problem, the finite element method, the multigrid method, and some test calculations. Test calculations which use different grids show that the relative error is much less than 1% and so the errors of calculations are negligible. Of course, the precision of the model is much worse because of poor definition of the input parameters.
The Results of the Calculations
We solve numerically three independent boundary value problems. They are Dirichlet boundary value problems (23, 24), (23, 25) in the polar caps and the boundary value problem of mixed type (23, 26, 27) in the main part of the ionosphere. Here we study electric potential variations inside the ionosphere. Because of the high ionospheric conductivity in comparison with atmospheric conductivity, these variations are small in comparison with the 200-300 kV voltage between the ionosphere and ground.
The solution for the boundary value problem (23, 26, 27) in the main part of the ionosphere is presented in Fig. 12 . The distribution of the electric potential V( m , m ) at height h = 120 km in the ionosphere is shown by the positions of the equipotentials, which are plotted with a contour interval equal to 2 V . Figure 13 similarly shows the solutions for the problems (23, 24) and (23, 25) in the polar caps, the contour interval equals 0.1 V in the Northern cap and 5 V in the Southern cap. Maximum potential differences are about 0.7 V in the Northern cap, 22 V in the Southern cap and 42 V in the main part of the ionosphere. Such a great difference between the polar caps appears because the Southern cap is in darkness in July and so the conductivity of its ionosphere is only a few percent of the conductivity in the Northern cap, as is shown in Fig. 10 . There is no chance to measure these small voltages since hundreds of times larger voltages of other nature exist in the low latitude ionosphere (Fejer 1981; Forbes 1981) , stronger ones in middle latitudes and up to 100 kV in high latitudes (Kamide et al. 1981) .
The obtained distribution of the electric potential V shown in Fig. 12 permits us to calculate the electric field strength by formula (4). Its horizontal components are shown in Fig. 14 . Instead of − and − components, we prefer to use E 1 directed along the horizontal part of the vector and E 2 normal to E 1 . These directions better fit to the magnetic field in low latitudes. In particular just E 1 = 0 at the geomagnetic equator because 
The field-aligned component of the electric field in the ionosphere is small because of huge field-aligned conductivity ∥ and equals zero in our model (19) . It means that only normal to the magnetic field components of exist. They are approximately horizontal in high latitudes and so the vertical component of is large only in the low latitudes. Therefore, it is useful to plot one more picture additionally to Fig. 14 to present the whole vector .
The absolute value of the electric field strength | | is presented in Fig. 15 . We see relatively large | | in the equatorial ionosphere. It is mainly a vertical component of the electric field since Fig. 14 shows no amplification of the horizontal components there in comparison with middle latitudes. Maximum | | at 120 km height is about 75 V/m and it is reached within the equatorial singularity. This singularity is similar to the singularity in the equatorial electrojet (Forbes 1981) . Almost everywhere in middle latitudes | | ≤ 10 μV/m and | | ≤ 1 μV/m in the main part of the day-time ionosphere. It is much less than electric fields of other natures which usually are in the mV/m range in the low latitude ionosphere and larger in middle and especially in high latitudes. Fig. 14 Distributions of the horizontal components of the electric field strength E 1 (top panel) and E 2 (bottom panel) which are close to E and E , respectively. This corresponds to the potential shown in Fig. 12 As can be seen in Fig. 12 the horizontal part of the electric field near the geomagnetic equator is directed almost along the equator; that is the E 2 component shown in Fig. 14 , |E 2 | ≤ 9 μV/m in our model. These values do not agree with the results of the model (Kartalev et al. 2006 ) that gives an order of magnitude larger equatorial electric field in the ionosphere around similar thunderstorm region in Africa. The difference can be because we simulate the ionosphere at 19:00 UT when Africa is near the terminator in contrast with the model (Kartalev et al. 2006 ) designed for midnight in Africa when the ionospheric conductivity is much smaller as is shown in Fig. 9 and so the same currents are provided with much stronger electric fields.
Discussion of the Numerical Results
The key input parameter of our model is the space distribution of the ionospheric conductivity. Here we use its effective values decreased due the ionospheric conductor acceleration by Ampere's force with a typical period of A = 3 h (Denisenko et al. 2008) as is described in Sect. 8. The value of 3 h is not a well-defined parameter. Sometimes this effect is taken into account in a simplified form as neglecting P , H above 160 km (Forbes 1981 ) that means A = ∞ . During 3 h the Earth rotates 45 o and so the ionospheric medium at any point for sure is subjected to another electric field strength. So A > 3 h has little physical sense. This effect can be studied quantitatively only in the frame of much more complicated models of the ionosphere which include simulation of the motion of the medium such as the ionospheric parts of the models (Kuo et al. 2014; Namgaladze et al. 2013) .
The original values of ionosphere would be 20 V , instead of 42 V shown in Fig. 12 , and about 1.8 times less in the polar caps in comparison with Fig. 13 .
In the well-known model , the ionospheric integral conductances Σ H = 0 and Σ P are decreased much by neglecting with the local conductivity P above 105 km . Also a constant value was used because of restrictions of their mathematical methods. Hays and Roble (1979) set Σ P ≡ 0.05 S on purpose to have maximum electric field values and mentioned that the electric field would be smaller if the value of Σ P is increased. Hays and Roble (1979) in Fig. 5a present potential at the height 105 km in contrast with h = 120 km in our Fig. 12. A magnetic field line which starts 10
• from the equator shifts to about 50 km in direction to the equator while it rises from 105 to 120 km. This shift is smaller at larger latitudes and cannot be seen neither in our Fig. 12 nor in Fig. 5a in Hays and Roble (1979) . Within the strip ±10
• , no potential difference across this strip is shown in Fig. 5a in Hays and Roble (1979) and so the potential value stays the same at 120 km within the strip ±9.5
• from the equator since each magnetic field line is equipotential in the model. So we can directly compare Fig. 12 and Fig. 5a in Hays and Roble (1979) .
Here we use much more realistic distributions of the ionospheric conductance Σ P whose values are everywhere larger than 0.17 S and much larger in the day-time ionosphere because the solar ultraviolet produces ionization. This is shown in Figs. 9 and 10. The Hall conductance Σ H that was neglected in the model ) also decreases the electric field as a rule. It is important especially near the geomagnetic equator where both Σ 4 S on magnetic field lines for which each apex is at heights 100-110 km in the day-time ionosphere. It defines the concentration of the ionospheric currents into equatorial electrojets and simultaneously decreases the longitudinal electric field. Of course, there is no equatorial singularity in the potential distributions in the model because of the simplifications.
One more reason for a lesser voltage in our model compared with the model of Hays and Roble (1979) is the existence of the auroral zones connected to parts of the magnetosphere with high conductivity across magnetic field lines, which are not taken into account in the model . These magnetospheric conductors together with the auroral enhancement of conductivity define the electric field in the high-latitude ionosphere, but do not have a large influence on the voltage in the middle latitudes. For example, the maximum voltage would be increased by only 0.5% from its value 42 V shown in Fig. 12 , if we shift these highly conductive belts 2.5
• poleward. This corresponds approximately to the imprecision of their positions inside the auroral zones and has a negligible influence on the results of the model. All these features of our model increase the conductance in comparison with the model of Hays and Roble (1979) . So it is natural that the electric field strength in our model is much smaller in spite of being almost the same physical model. The model potential distribution at the height h = 105 km is presented in Fig. 5 (a) in Hays and Roble (1979) , and the values of the potential do not vary along magnetic field lines above this height in their model. The maximum potential difference within the ionosphere equals 1575 V. This voltage 1575 V exceeds our 42 V by about 40 times because of too much decreased conductivities in the model in comparison with conductivities in our model which are set by empirical data.
Nevertheless the positions of the maximum values of the ionospheric potential in the model are close to ours because they correspond to large thunderstorm generators in the center of Africa and in Central America which are dominating as is seen in Fig. 6 . The value of the potential above central Africa V = 27 V in our model is about five times larger than V = 5 V above Central America as is seen in Fig. 12 in spite of the fact that the current from atmosphere is smaller (700 A above central Africa and 420 A above Central America). It happens because of the small ionospheric conductivity in the evening-time ionosphere around 20 LT in comparison with the day-time one around 13 LT as is shown in Fig. 9 .
The resulting electric field strength | | calculated by formula (4) is presented in Fig. 15 . Because of E ∥ = 0 (19) in the ionosphere | | = | ⟂ | . In high latitudes ⟂ has two horizontal components shown in Fig. 14 . Near the geomagnetic equator one component of ⟂ is vertical. The maximum | | = 80 μV/m that can be seen in Fig. 15 near the night-time geomagnetic equator mainly presents a vertical component of inside the equatorial singularity since E 1 ≃ E ∥ = 0 there and E 2 ≤ 10 μV/m everywhere as we mentioned above. Figure 6 (c) in Hays and Roble (1979) presents the longitudinal component of the electric field up to 250 μV/m in that model. It is an order of magnitude larger than the similar component of the electric field E 2 ≤ 10 μV/m in our model as is shown in Fig. 14 .
It ought to be mentioned that the electric field strength at other heights in the ionosphere outside the equatorial singularity almost does not differ because magnetic field lines are almost parallel at distances less or about hundred km. So the points in Fig. 15 only would be shifted in the direction normal to the geomagnetic equator, from the equator if the height h is decreased in comparison with 120 km or to the equator if h is increased. The distance of this horizontal shift is negligible in high latitudes and rather small in the main part of the ionosphere. Figure 8a shows that such a shift to the right equals to (h − 120 km)∕ tan ( ) where is the magnetic inclination. The equatorial ionosphere differs much in this respect since additional magnetic field lines appear if we go down. Figure 8b shows such an additional line 5 that does not exist at h = 120 km . These equatorial magnetic field lines are absent in Fig. 15 . We already mentioned that it is a problem of visualization only and that these lines are taken into account in the calculations.
The total value of the fair weather currents from the ionosphere to ground under steadystate conditions is the same as the total current of the thunderstorm generators, but its distribution over the globe depends much on the atmospheric conductivity. This equality is provided by the voltage between the ionosphere and ground V 0 whose value was chosen in Sect. 9 for this purpose (14). The vertical atmospheric current density is positive (upward) in the rectangles in Fig. 6 , and negative (downward) density outside the rectangles. The downward current density is proportional to the vertical atmospheric conductance shown in the same Fig. 6 .
One of the main input parameters of any model of the GEC is the atmospheric conductivity. We use a simple model of height profiles of the atmospheric conductivity that presents only the difference between ground and sea surface and height of ground above sea. The column conductance Σ( , ) (12) in such a model varies from about 10 −17 S/m 2 above sea and above the main part of ground and up to 3 × 10 −17 S/m 2 above high mountains as is shown in Figs. 5 and 6. In the paper (Kudintseva et al. 2016 ) a hybrid profile is constructed. Conductivity is the same as our model below 10 km and increased about 1.7 times at h = 20 km. As is seen in Fig. 5 , the air above 20 km has negligible effects on the conductance of the atmospheric vertical column.
The column conductance of the atmosphere can be varied much because of different reasons. Dust clouds and radon emanation are analyzed in Harrison et al. (2010) and Harrison et al. (2014) . One more important reduction in conductivity is made by non-electric clouds. It can be by up to ten times inside clouds (Rycroft and Odzimek 2010; Baumgaertner et al. 2014 ) but this is a poorly known quantity. The model (Baumgaertner et al. 2014) gives up to twice larger column resistance, mainly above oceans in low latitudes. As a result, the total conductance of the atmosphere would be decreased and the voltage between ionosphere and ground V 0 would be proportionally increased. Fair weather electric currents would be partially redistributed from low to high latitudes as a result of such a modification of conductivity. So the ionospheric electric fields also would be varied, but their main features are related with thunderstorm areas as we see in Figs. 12 and 16.
At another moment of UT, the ionospheric electric fields may be rather different from those presented in Fig. 15 , because the main thunderstorm areas may be under a day-time ionosphere with large conductivity or under a night-time one. In the last case, a larger ionosphere electric field is required to close the currents from the atmosphere. To study this effect, we conducted calculations for 06:00 UT, when midnight comes in the Central American thunderous area. The voltage in the ionosphere increases up to 72 V in comparison with 42 V in Fig. 12 .
The ionospheric electric fields also vary with solar activity. For 06:00 UT, additional calculations were done for a year of minimal solar activity, namely for Covington index found above Central America and its conjugate point. The electric field is redistributed and its strength is about four times as strong as the field at 19:00 UT in July of a year of maximal solar activity shown in Fig. 15 . Since electric field strength is inversely proportional to the distance between equipotentials, Fig. 16 shows the region 300 • < m < 370
• ,
45
• < m < 60
• around midnight with strong horizontal components of electric field 40 μV/m < E < 100 μV/m . Of course, the same field exists in the conjugate region in the Southern hemisphere. We cannot find such conditions when horizontal components of electric field significantly exceed 100 μV/m even in a small region of the ionosphere for the same atmospheric generators.
Conclusions
Thus, the goal is achieved: we constructed a mathematical model of the ionospheric electric fields, providing a closure of the currents from the atmosphere into the ionosphere, generated by thunderstorms, and fair weather currents. We found a significant dependence of such electric fields on the Universal Time and on the solar activity. The created model is compared with the well-known model of Roble and Hays (1979) . The results are significantly different, since we use a much more sophisticated model of the global ionospheric conductor.
In addition, we have improved the description of the fair weather currents by taking into account the relief and differences between the values of the air conductivity above land and sea.
The key parameters in our model of the GEC are the following: voltage between the ground and the ionosphere V 0 = 250 kV , fair weather electric field near ground E 0 = 130 V/m with corresponding current density j 0 = 2 pA/m 2 , the total current from thundery areas to the ionosphere I ext = 1.4 kA . These values are considered to be typical for the GEC, but in view of the linearity of the model they could be multiplied by any common constant. It may be a multiplication by 1.4 to make I ext = 2 kA and as a consequence V 0 would be 350 kV . The total resistance of the atmosphere in our model R = 180 Ω also could be modified, for example it can be increased by taking clouds into account.
The main result of this research is that the global thunderstorm activity generates a small electric field in the ionosphere. Almost everywhere in middle latitudes | | ≤ 10 μV/m and | | ≤ 1 μV/m in the main part of the day-time ionosphere. It seems that such a small electric field could not be detected experimentally, at the present time. It seems unlikely that it could ever be observed, but some special circumstances may arise.
The potential difference between ionospheric regions above thundestorm areas and above fair weather areas is always less than 200 V . For the particular time of 19:00 UT in July that is mainly studied in our paper the maximum potential difference inside the E-layer of the ionosphere is 42 V . The maximum of the potential occurs above the African thunderstorm area and the minimum is found above the Himalayas. The potential difference increases up to 72 V at 06:00 UT, when midnight comes in the Central American thunderstorm area. These thunderstorms generate the strongest current to the ionosphere ( 700 A in our model) and the small night-time ionospheric conductivity needs a relatively strong electric field to spread this current to fair weather regions where it goes down to ground. During a year of minimal solar activity the voltage inside the ionosphere is increased up to 188 V at 06:00 UT as is shown in Fig. 16 . This voltage < 200 V inside the ionosphere is a thousand times less than the voltage between the ionosphere and ground V 0 = 250 kV . Such a relation confirms the possibility to simulate the ionosphere as an ideal conductor while calculating atmospheric electric fields and currents as we did in Sect. 4. Even under minimal solar activity, the horizontal components of the electric field can exceed 0.05 mV/m only in small regions of the middle-latitude ionosphere and stay less than 0.01 mV/m in low latitudes. It is of the order of a hundred times less than the strength of other natural electric fields which are in the mV/m range even in the low latitude ionosphere (Fejer 1981; Forbes 1981) and much stronger in middle and high latitudes (Kamide et al. 1981) .
The obtained value of the maximum horizontal electric field strength in the ionosphere is an order of magnitude less than that in the well-known model of Hays and Roble (1979) that is constructed for the same time, 19:00 UT, in July. Our voltages in the ionosphere are forty or twenty times less for years of maximal or minimal solar activity, respectively. The main reason for the different orders of magnitudes is a better approach for the simulation of the ionospheric conductivity in our model. That is our principal improvement to the model of Hays and Roble (1979) .
